Introduction
Often in interactive font design, free-form sketching and input path specification for graphics animation, one is faced with the problem of connecting two 8ezier or Bspline polynomial curves with a smooth, piecewise transition polynomial curve achieving prescribed continuity at. the two end points. Furthermore one desires the transition polynomial curve to have the fewest Ill!mbcr of pieces. In this paper we address this issue by solving the following Sparse Smooth Connection problem: In addition to the above conditions (1°), (2°) and (30), we require that (4°) R has the fewest number of segments.
As an example, the smooth composite function (P, R, Q) may be a single B-splinc. It is obvious that there are possibly infinite ways to join any two polynomials with prescribed continuity. Our goal here is not ouly to achieve a smooth join but also to make the join as simple as possible. By simple we mcan that the polynomial R is to be determined, as far as possible, from P and Q.
The solution to both the above problems are derived by the use of blossoming (see [2, 3] (ii) If 11+ 1 > III + 112, equation (1) has no solution in general. Here we construct a B-spline
and R(x) = F(x)l[b,cj satisfies the conditions (l0), (2°) and (3°). Let
where in = a, tn+1 = b, iZn+1 = c, t2n+ Z = (1 and t n +1'1+1, ... ,l2n_p,+1 are chosen such that each of them has multiplicity::; IL in T. Let {Nt"(x)};~tl be the normalized B-spline bases over T and let
where 11 = B(P), h = B(Q) are the blossoms of P and Q, respectively. Then F(x) = 2:i:
is the required Bspline (see Theorem 3.4 of [3] ). In fact, F(x) is C"-I', and e"-I', continuous at band c respectively, since b has multiplicity ILl and c has multiplicity 112. Furthermore, since l"+j,,+I,'." t 211 _ I ,,+1
have multiplicity:S: II, /(x) is C n -I' continuous on (b, c). Now we only need to show t.hat condition (2) 
The Computation of the Sparse Smooth Connection Polynomial
The proof of Lemma 2 has already provides a way to compute the smooth transition polynomial R. FurtherrnOflO' t.his uses only the information that comes from P and Q and some inserted knots. However the number of pieces of R may not. be minimal. In order to get a sparse connection polynomial we intend La insert the least number of knots. As in the discussion above, there are two possible cases.
(i) If n + I ::; III + Jl2, the problem is reduced to Hermite interpolation problem as before. One segment is enough to connect the Lwo given polynomials. Then the number of segments is minimum. Now we give a B-spline representation of the composite function. Let T (to::: ... = tn < t"+1 = ... = tn+~l < In+I.,+l ::: ... ::: l,,+1"+"" < l"+Jl'+II,+l ::: ... = t:?"+j"+I'~+I)
and {Nt"(x)}~~t'+I" be the normalized B-spline bases over T, T;
(to = ... = tn < l"+1 = ... = l,,+I" < XI ::; ... ::; Xi < tn+I',+i+1 = ... = l"+I"+I'~+i < tn+I"+I'~+i+1 = ... = t2n+I"+I,~+i+d a,
a;
(c) If Equation (7) has no solution, increase i by 1, until it has a solution (may have many solutions). Let [ITI, ... , /Ti]T be a solution of (7). Form a polynomial equation
If all the roots Xj of It(x) are real, and they satisfy (6), then we get the required knots Xj. Otherwise, we increase i until the required knots are obtained. Tf (7) has many solutions, a closed form of the solution of (8) is helpful to get the required solution. If i < 5, the closed form of the root Xj are available.
The case i = 0 needs separate consideration, since the equation (7) and (8) 
